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NUMERICAL SIMULATION OF THE RIESZ FRACTIONAL
DIFFUSION EQUATION WITH A NONLINEAR SOURCE
TERM
H. ZHANG AND F. LIU∗
Abstract. In this paper, A Riesz fractional diffusion equation with a non-
linear source term (RFDE-NST) is considered. This equation is commonly
used to model the growth and spreading of biological species. According to
the equivalent of the Riemann-Liouville(R-L) and Gru¨nwald-Letnikov(G-
L) fractional derivative definitions, an implicit difference approximation
(IFDA) for the RFDE-NST is derived. We prove the IFDA is uncondition-
ally stable and convergent. In order to evaluate the efficiency of the IFDA,
a comparison with a fractional method of lines (FMOL) is used. Finally,
two numerical examples are presented to show that the numerical results
are in good agreement with our theoretical analysis.
AMS Mathematics Subject Classification: 65M12, 65M20, 65P40.
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1. Introduction and notations
It is well known that the fundamental solution (or Green function) for the
classical diffusion equation
∂u
∂t
= λ
∂2u
∂x2
+ f(x, t)
is provided by the normal or Gaussian probability density functions of a Brown-
ian motion [17,36,38], which describes the motion of small macroscopic particles
in a liquid or a gas which experience unbalanced bombardments due to surround-
ing atoms, and hence reveals the atomistic structure of the medium in which the
motion occurs. But the anomalous diffusion (subdiffusion or superdiffusion)
phenomena is almost ubiquitous in nature [10,14,19,28,35]. Many academicians
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find that evolution equations containing fractional derivatives can provide suit-
able mathematical models for describing phenomena of anomalous diffusion and
transport dynamics in complex systems [6,9,11,12]. Here we especially refer to
Metzler and Klafter [27] for a comprehensive review.
It is regret that it is difficult to solve the fractional order differential equation
in that the fractional derivative operators are quasi-differential operators with
singularity. Until recently, by various integral transforms, separation of vari-
ables, various finite difference discretization, variational iteration, Adomian de-
composition and finite element methods have proposed to obtain the analysis or
numerical solutions of linear fractional order differential equations [8,15,16,20,22-
26,31,33,37]. But many phenomena in the nature must be simulated by nonlinear
differential equations, such as a hyperchaotic autonomous nonlinear system [1],
large uni-axial deformation behavior of poly-urethane foam [4], the wave prop-
agation of an advantageous gene in a population [2], and so on. To the best of
our knowledge, while the studied of analysis or numerical solutions of nonlinear
fractional differential equations (NFDEs) are relatively limited. Diethelm [5],
Zhang [39] and Bai [3] discussed the existence and uniqueness of solution or
existence of positive solution of NFDEs. The variational iteration and Adomian
decomposition techniques were used to get the approximate or analysis solutions
of NFDEs by many academicians [7,15,18,29,30,32,34], but the above techniques
are only suit to solve nonlinear fractional ordinary differential equations and
nonlinear fractional partial differential equations with initial value or boundary
value conditions, as for the mixed problems, the two techniques are inefficient.
Lin and Liu [21] considered a fractional nonlinear ordinary differential equa-
tion, they got high order convergent discrete schemes. Guy [13]gave the series
form of solution of a class of nonlinear partial differential equations of fractional
order by Lagrange characteristic method. Baeumer, et.al. [2] got numerical so-
lution of the initial problem of nonlinear fractional reaction-diffusion equation
by time discretization and operator splitting. But the numerical approximation
and analysis of the Riesz fractional diffusion equation with a nonlinear source
term (RFDE-NST) have not been studied previously.
In the paper, we consider the numerical simulation of the RFDE-NST:
∂u
∂t
= λ
∂αu
∂|x|α + f(x, t, u), 1 < α ≤ 2,
where λ(> 0) is diffusion coefficient and ∂
α
∂|x|α is a Riesz fractional derivative
operator defined by
∂αu(x, t)
∂|x|α =
{ − 12cos(αpi2 ){aDαxu(x, t) + xDαb u(x, t)}, 1 < α < 2,
∂2u(x,t)
∂x2 , α = 2
and {
aD
α
xu(x, t) =
1
Γ(2−α)
d2
dx2
∫ x
a
(x− ξ)1−αu(ξ, t)dξ,
xD
α
b u(x, t) =
1
Γ(2−α)
d2
dx2
∫ b
x
(ξ − x)1−αu(ξ, t)dξ
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(see [9] or [33]). Solutions to considered fractional diffusion equation is provided
by the α-stable probability density functions [25] of a Le´vy motion [28]. The
RFDE-NST is commonly used to model the growth and spreading of biological
species [2], where the classical second derivative diffusion term is replaced by a
Riesz fractional derivative of order less than two. The resulting model captures
the faster spreading rate and power law invasion profiles observed in many ap-
plications and is strongly motivated by a generalised central limit theorem for
random movements with power-law probability tails.
The structure of the paper is as follows. In Section 2, an implicit finite
difference approximation (IFDA) for the RFDE-NST is proposed. The stability
and convergence of the IFDA are discussed in Section 3. A fractional method of
lines for the RFDE-NST is introduced in Section 4. In Section 5, some numerical
examples are given. Theoretical results are in excellent agreement with numerical
testing.
2. An implicit finite difference approximation for the RFDE-NST
In the section, we consider the following RFDE-NST:
∂u
∂t
= λ
∂αu
∂|x|α + f(x, t, u), 1 < α ≤ 2, 0 < x < l, 0 < t ≤ T,(1)
u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T,(2)
u(x, 0) = g(x), 0 < x < l,(3)
where the nonlinear term f(x, t, u) satisfies a Lipschitz condition about u, i.e.,
∃L, s.t. |f(x, t, u)− f(x, t, v)| ≤ L|u− v| for u, v ∈ (−∞,+∞).
Let xj = jh(j = 0, 1, · · · , N) and tk = kτ(k = 0, 1, · · · ,K), where h = lN
and τ = TK are space and time steps, respectively. Assume that u(x, t) ∈
C2([0, l] × [0, T ]). Using the relationship between the Gru¨nwald-Letnikov de-
rivative and Riemann-Liouville derivative [31], we discrete the Riesz fractional
derivative ∂
αu
∂|x|α by the shifted Gru¨nwald-Letnikov formulae [26]
0D
α
xu(xi, tk−1) = 0D
α
xu(xi, tk) +O(τ)
=
1
hα
i+1∑
j=0
ωαj u(xi+1−j , tk) +O(h+ τ)(4)
xD
α
l u(xi, tk−1) = xD
α
l u(xi, tk) +O(τ)
=
1
hα
N−i+1∑
j=0
ωαj u(xi−1+j , tk) +O(h+ τ),(5)
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where the coefficients ωαj = (−1)j α(α−1)···(α−j+1)j! . For the left term of equation
(1), the following forward difference scheme can be used:
∂u(xi, tk−1)
∂t
=
u(xi, tk)− u(xi, tk−1)
τ
+O(τ).(6)
Let uki be the numerical approximation to u(xi, tk), then we obtain the im-
plicit difference approximation (IFDA) of equations (1)-(3)
uki − uk−1i
τ
=
−λ
2hαcosαpi2

i+1∑
j=0
ωαj u
k
i−j+1 +
N−i+1∑
j=0
ωαj u
k
i+j−1

+f(xi, tk−1, uk−1i ), i = 1, 2, · · · , N − 1, t = 1, 2, · · · ,K,(7)
uk0 = u
k
N = 0, k = 0, 1, · · · ,K,(8)
u0i = gi = g(xi), i = 0, 1, · · · , N(9)
Let r = −τλ2hαcosαpi2 and taking the boundary value conditions (8) into account,
then the discrete schemes (7)-(9) can be rewritten as
uki − r

i+1∑
j=1
ωαi−j+1u
k
j +
N−1∑
j=i−1
ωαj−i+1u
k
j
 = uk−1i + τf(xi, tk−1, uk−1i ),
i = 1, 2, · · · , N − 1, k = 1, 2, · · · ,K,(10)
u0i = gi = g(xi), i = 0, 1, · · · , N.(11)
Its matrix form is
AUk = Uk−1 + τF k−1, k = 1, 2, · · · ,K,(12)
where the vectors
Uk = (uk1 , u
k
2 , · · · , ukN−1)T ,
F k−1 =
(
f(x1, tk−1, uk−11 ), f(x2, tk−1, u
k−1
2 ), · · · , f(xN−1, tk−1, uk−1N−1)
)T
and the coefficient matrix A = (aij)(N−1)×(N−1)
aij =

−rωαi−j+1, j < i− 1,
−r(ωα0 + ωα2 ), j = i± 1
1− 2rωα1 , j = i
−rωαj−i+1, j > i+ 1
(13)
3. Stability and convergence of the IFDA for the RFDE-NST
According to the literatures [26], it gets
Proposition 1 The coefficients ωαj (j = 0, 1, · · · ) satisfy
(i) ωα0 = 1, ω
α
1 = −α < 0, ωαj > 0, j = 2, 3, · · · .
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(ii)
∞∑
j=0
ωαj = 0,
n∑
j=0
ωαj < 0, n = 1, 2, · · · .
Assume the initial data has error ε0i . Let g˜
0
i = g
0
i+ε
0
i (i = 1, · · · , N−1), uki and
u˜ki (i = 1, · · · , N − 1) be the numerical solutions of equation (10) corresponding
for the initial data g0i and g˜
0
i (i = 1, · · · , N − 1), respectively, then εki = uki − u˜ki
satisfies
εki − r

i+1∑
j=1
ωαi−j+1ε
k
j +
N−1∑
j=i−1
ωαj−i+1ε
k
j

= εk−1i + τf(xi, tk−1, u
k−1
i )− τf(xi, tk−1, u˜k−1i ).(14)
Let εk = (εk1 , ε
k
2 , · · · , εkN−1)t, then we obtain
Theorem 1 The implicit finite difference scheme (10)-(11) is stable uncon-
ditionally.
Proof It is easy to see r = −τλ2hαcosαpi2 > 0(1 < α ≤ 2), therefore, according
to the proposition 1, we have aij < 0, (i, j = 1, · · · , N − 1, i 6= j), aii > 1(i =
1, · · · , N − 1) and
N−1∑
j=1
aij > 1(i = 1, 2, · · · , N − 1). Let ‖ εk ‖∞= max
0<i<N
| εki |=|
εkm | (0 < m < N), due to (14) and the Lipschitz condition of nonlinear function
f , it gets
| εkm | ≤
N−1∑
j=1
aij | εkm |
= (1− 2rωα1 ) | εkm | −r

m+1∑
j=1,j 6=m
ωαm−j+1 +
N−1∑
j=m−1,j 6=m
ωαj−m+1
 | εkm |
≤ (1− 2rωα1 ) | εkm | −r

m+1∑
j=1,j 6=m
ωαm−j+1 | εkj | +
N−1∑
j=m−1,j 6=m
ωαj−m+1 | εkj |

≤ (1− 2rωα1 ) | εkm | −r
∣∣∣∣∣∣
m+1∑
j=1,j 6=m
ωαm−j+1ε
k
j +
N−1∑
j=m−1,j 6=m
ωαj−m+1ε
k
j
∣∣∣∣∣∣
≤
∣∣∣∣∣∣(1− 2rωα1 )εkm − r

m+1∑
j=1,j 6=m
ωαm−j+1ε
k
j +
N−1∑
j=m−1,j 6=m
ωαj−m+1ε
k
j

∣∣∣∣∣∣
=
∣∣εk−1m + τ [f(xm, tk−1, uk−1m )− f(xm, tk−1, u˜k−1m )]∣∣
≤ ∣∣εk−1m ∣∣+ τL ∣∣εk−1m ∣∣ ,
then
‖ εK ‖∞ ≤ (1 + τL) ‖ εK−1 ‖∞≤ (1 + τL)2 ‖ εK−2 ‖∞
≤ · · · ≤ (1 + τL)K ‖ ε0 ‖∞≤ eLT ‖ ε0 ‖∞ .
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So the implicit difference scheme (10)-(11) is stable unconditionally. ¤
We now consider the convergence of the IFDA (10)-(11), we also have
Theorem 2 The IFDA (10)-(11) is convergent unconditionally.
Proof Assume that u(xi, tk) is the exact solution of the RFDE-NST (1)-
(3) and uki is the numerical solution of the IFDA (10)-(11), then according to
formulae (4)-(6), eki = u
k
i − u(xi, tk) (i = 1, · · · , N − 1; k = 1, · · ·K) satisfy
eki − r

i+1∑
j=1
ωαi−j+1e
k
j +
N−1∑
j=i−1
ωαj−i+1e
k
j

= ek−1i + τf(xi, tk−1, u
k−1
i )− τf(xi, tk−1, u(xi, tk−1)) + τ ·O(τ) + τ ·O(h+ τ)
= ek−1i + τf(xi, tk−1, u
k−1
i )− τf(xi, tk−1, u(xi, tk−1)) + τ ·O(h+ τ)
Moreover, we suppose that ek0 = e
k
N = 0(k = 1, · · · ,K), e0i = 0(i = 0, 1, · · · , N)
and ‖ek‖∞ = |ekm|, then
| ekm | ≤ (1− 2rωα1 ) | ekm | −r

m+1∑
j=1,j 6=m
ωαm−j+1 +
N−1∑
j=m−1,j 6=m
ωαj−m+1
 | ekm |
≤ (1− 2rωα1 ) | ekm | −r

m+1∑
j=1,j 6=m
ωαm−j+1 | ekj | +
N−1∑
j=m−1,j 6=m
ωαj−m+1 | ekj |

≤
∣∣∣∣∣∣(1− 2rωα1 )ekm − r

m+1∑
j=1,j 6=m
ωαm−j+1e
k
j +
N−1∑
j=m−1,j 6=m
ωαj−m+1e
k
j

∣∣∣∣∣∣
=
∣∣ek−1m + τ [f(xm, tk−1, uk−1m )− f(xm, tk−1, u(xm, tk−1)] + τ ·O(h+ τ)∣∣
≤ ∣∣εk−1m ∣∣+ τL ∣∣εk−1m ∣∣+ τ · C(h+ τ),
where C is a positive constant. Therefore,
‖ eK ‖∞ ≤ (1 + τL) ‖ eK−1 ‖∞ +τ · C(h+ τ)
≤ · · ·
≤ (1 + τL)K ‖ e0 ‖∞ +τ(1 + τL)K−1C(h+ τ) + · · ·+ τC(h+ τ)
≤ (1 + τL)K ‖ e0 ‖∞ +Kτ(1 + τL)K−1C(h+ τ)
≤ exp(LT ) ‖ e0 ‖∞ +exp(LT )TC(h+ τ)
= CTeLT (h+ τ),
then
lim
τ,h→0
‖ eK ‖∞= 0.
This completes the proof. ¤
4. Fractional method of Lines
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It is very difficult to obtain the exact solution of the nonlinear partial differ-
ential equations. In order to demonstrate the efficiency of the IFDA, a fractional
method of lines (FMoL) for RFDE-NST also is presented. The FMoL was firstly
introduced by Liu et al. [22]-[23] to solve the space fractional Fokker-Planck
equation and simulate the Le´vy motion with α-stable densities successfully. The
FMoL for the RFDE-NST can be written as the following form:
du(xi,t)
dt =
−λ
2hαcosαpi2
{
i+1∑
j=0
ωαj u(xi−j+1, t) +
N−i+1∑
j=0
ωαj u(xi+j−1, t)
}
+f(xi, t, u(xi, t)), i = 1, 2, · · · , N − 1, 0 < t ≤ T,
u(x0, t) = u(xN , t) = 0, 0 ≤ t ≤ T,
u(xi, 0) = g(xi), i = 0, 1, · · · , N.
5. Numerical examples
In this section, two numerical examples are given to demonstrate our theo-
retical analysis.
Example 1. Consider the following NFR-SubDE:
∂u
∂t = λ
∂αu
∂|x|α + sinu, 1 < α ≤ 2, 0 < x < pi, 0 < t ≤ T
u(0, t) = u(pi, t) = 0, 0 ≤ t ≤ T,
u(x, 0) = sinx, 0 < x < pi,
(15)
to show the preciseness of the above theoretic analysis.
Table 1 lists the numerical results using the IFDA (10)-(11) with α = 1.8,
t = 1.0, h ≈ τ , λ = 0.1 and the last column data are the numerical results by
FMoL with α = 1.8, t = 1.0, h ≈ τ = 0.016, λ = 0.1. From Table 1, it can
be seen that the numerical results using IFDA are in good agreement with the
convergence analysis and close to the results of FMOL.
Furthermore, Figure 1 shows the characters of diffusion system response with
nonlinear source term at different times t with α = 1.8, τ = 0.01, N = 100,
λ = 0.1. Figure 2 shows the characters of diffusion about different diffusion
coefficients λ at time t = 1.0 with α = 1.8, τ = 0.01, N = 100. From Figure 2,
it can be seen that the larger the diffusion coefficient λ, the greater the velocity
of diffusion.
Example 2 Considering the following nonlinear reaction diffusion equation
using Fisher’s growth equation and a symmetric (Riesz) fractional diffusion term
of order 1 < α ≤ 2 ([2]):
∂u
∂t = λ
∂αu
∂|x|α + µ ∗ u(1− uK ), 0 < x < l, 0 < t ≤ T,
u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T,
u(x, 0) = f(x), 0 < x < l,
(16)
where µ is the intrinsic growth rate and K is the carrying capacity.
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Table 1. Comparison of the results of IFDA (10)-(11) with
different space and time step h ≈ τ and the FMoL when α = 1.8,
t = 1.0, λ = 0.1
(X,1.0) h = pi20 ≈ 0.157 h = pi100 ≈ 0.0314 h = pi200 ≈ 0.0157 h = pi200 ≈ 0.0157
τ=0.16(IFDA) τ=0.03(IFDA) τ=0.016(IFDA) τ=0.016(FMoL)
0.3142 0.66664661 0.71766001 0.72323636 0.71312860
0.6283 1.18091679 1.24052658 1.24612454 1.24780762
0.9425 1.53124465 1.58383641 1.58819777 1.59121579
1.2566 1.72803276 1.77216149 1.77545588 1.77773300
1.5708 1.79085073 1.83164748 1.83457607 1.83648052
1.8850 1.72803397 1.77217864 1.77552773 1.77783878
2.1991 1.53124729 1.58387242 1.58831821 1.59176807
2.5133 1.18092060 1.24057971 1.24628205 1.25101528
2.8274 0.66665013 0.71771309 0.72338189 0.72768746
We take λ = 0.1,K = 1, l = 100, and a smooth step-like initial function f(x)
which takes the constant value f = 0.8 around the point x = 50 and rapidly
decays to 0 away from the point x = 50.
Figure 3 shows that the numerical simulations of the problem (16) using IFDA
(10)-(11)with 1.5 ≤ α ≤ 2.0 at t = 32. The curve shows heavier tails and faster
spreading in the fractional case α < 2. Figure 4 shows the characters of the
diffusion system response with Fisher’s nonlinear source term at different times
t, which is similar to the result (Figure 3) reported in Baeumer et al. [2]. Figure
5 shows the characters of the diffusion system response with different intrinsic
growth rate µ at t = 32 with α = 1.8.
6. Conclusions
In this paper, numerical simulation of the Riesz fractional diffusion equa-
tion with a nonlinear source term (RFDE-NST) has been described and demon-
strated. The stability and the convergence of the IFDA have also been proved.
Finally, some numerical results of IFDA and FMoL are presented. These numeri-
cal results are given to demonstrate that our IFDA is a computationally efficient
method for REDE-NST. This method and analysis technique can be used to
solve and analyze other kinds of fractional-order partial differential equations
with nonlinear source term.
Acknowledgements
Numerical simulation of the Riesz fractional diffusion equation with a nonlinear source term 9
This research has been supported by the Australian Research Council grant
LP0348653, the National Natural Science Foundation of China grant (10271098)
and Education Foundation of Fujian province (JB04038).
References
1. W.M. Ahmad, Hyperchaos in fractional order nonlinear systems, Chaos, Solitons and
Fractals 26 (2005), 1459-1465.
2. B. Baeumer, M.K. Mark and M. Meerschaert, Fractional reaction-diffusion equation for
species growth and dispersal, Journal of Mathematical Biology,(2007), in press.
3. C. Bai, Positive solutions for nonlinear fractional differential equations with coefficient
that changes sign, Nonlinear Analysis 64 (2006), 677-685.
4. R. Deng, P. Davies and A.K. Bajaj, A nonlinear fractional derivative model for large uni-
axial deformation behavior of polyurethane foam, Signal Processing 86 (2006), 2728-2743
5. K. Diethelm, Analysis of Fractional Differential Equations, Journal of Mathematical Anal-
ysis and Applications 265 (2002), 229-248.
6. R.A. El-Nabulsi, Fractional description of super and subdiffusion, Physics Letters A, 340
(2005), 361-368.
7. S.A. El-Wakil, A. Elhanbaly and M.A. Abdou, Adomian decomposition method for solv-
ing fractional nonlinear differential equations, Applied Mathematics and Computation,
182(2006), 313-324.
8. G.J. Fix and J.P. Roop, Least squares finite element solution of a fractional order two-point
boundary value problem, Comput. Math. Appl. 48 (2004), 1017-1033.
9. R. Gorenflo, G.De Fabritiis and F. Mainardi, Discrete random walk models for symmetric
Le´vy-Feller diffusion process, Physica A. 269 (1999), 79-89.
10. R. Gorenflo and F. Mainardi, Feller fractional diffusion and Lvy stable motions, Confer-
ence on Levy Processes: Theory and Applications 1 (1999), 18-22.
11. R.Gorenflo, F. Mainardi, D. Moretti, G. Pagnini and P. Paradisi, Discrete random walk
models for space-time fractional diffusion, Chemical Physics 284 (2002), 521-541.
12. R. Gorenflo and A. Vivoli, Fully discrete random walks for space-time fractional diffusion
equations, Signal Processing 83 (2003), 2411-2420.
13. J. Guy, Lagrange characteristic method for solving a class of nonlinear partial differential
equations of fractional order, Applied Mathematics Letters 19 (2006), 873-880.
14. J.W. Hanneken, B.N. Narahari Achar, D.M. Vaught and K.L. Harrington, A random walk
simulation of fractioal diffusion, Journal of olecular Liquids 114 (2004), 153-157.
15. Ji-Huan He, Approximate analytical solution for seepage flow with fractional derivatives
in porous media, Comput.Methods Appl. Mech. Engrg. 167 (1998), 57-68.
16. F. Huang and F. Liu, The time fractional diffusion and advection-dispersion equation,
ANZIAM J. 46 (2005), 317-330.
17. B.D. Hughesm Rando, Walks and Random Environments, Volume 1: Random Walks,
Oxford University Press, Oxford, 1995.
18. H. Jafari and V.D. Gejji, Positive solutions of nonlinear fractional boundary value prob-
lems using Adomian decomposition method, Applied Mathematics and Computation 180
(2006), 700-706.
19. J. Klafter, M.F. Shlesinger and G. Zumofen, Beyond Brownian motion, Physics Today 49
(1996), 33-39.
20. T.A.M. Langlands and B.I. Henry, The accuracy and stability of an implicit solution
method for the fractional diffusion equation, Journal of Computational Physics 205 (2005),
719-736.
10 H. Zhang and F. Liu
21. R. Lin and F. Liu, Fractional high order methods for the nonlinear fractional ordinary
differential equation, Nonlinear analysis 66 (2007), 856-869.
22. F. Liu, V. Anh and I. Turner, Numerical solution of the space fractional Fokker-Planck
equation, Journal of Computational and Applied Mathematics 166 (2004), 209-219.
23. F. Liu, V. Anh , I. Turner and P. Zhuang, Numerical simulation for solute transport in
fractal porous media, ANZIAM J. 45(E) (2004), 461-473.
24. F. Liu, P. Zhuang, V.Anh and I.Turner, A fractional-order implicit difference approxima-
tion for the space-time fractional diffusion equation, ANZIAM J. 47(E) 2006, 48-68.
25. F. Mainardi, Y. Luchko an G. Pagnini, The fundamental solution of the space-time frac-
tional diffusion equation, Fractional Calculus and Applied Analysis 4 (2001), 153-192.
26. M.M. Meerschaert, C. Tadjeran, Finite difference approximations for two-sided space-
fractional partial differential equations, Applied numerical mathematics 56 (2006), 80-90.
27. R. Metzler and J. Klafter, The random walk’s guide to anomalous diffusion: a fractional
dynamics approach, Phys. Rep. 339 (2000), 1-77.
28. F.J. Molz, G.J.Fjx and Silong Lu, A physical interpretation for the fractional derivative
in the Le´vy diffusion, Applied Mathematics Letters 15(2002), 907-911.
29. S. Momani, An algorithm for solving the fractional convection-diffusion equation with
nonlinear source term, Communications in Nonlinear Science and Numerical Simulation
12(2007), 1283-1290.
30. S. Momani and K.Al-khaled, Numerical solutions for systems of fractional differential
equations by the decomposition method, Applied Mathematics and Computation, 162
(2005), 1351-1365.
31. I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.
32. S.S. Ray and R.K. Bera, An approximate solution of a nonlinear fractional differential
equation by Adomian decomposition method, Applied Mathematics and Computation 167
(2005) , 561-571.
33. S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives: Theory
and Applications (Translation from the Russian ), Amsterdam: Gordon and Breach, 1993.
34. N. T. Shawagfeh, Analytical approximate solutions f or nonlinear fractional differential
equations, Applied Mathematics and Computation 131(2002), 517-529.
35. M.F. Shlesinger, G.M. Zaslavsky and J. Klafter, Nature 363(1993), 31.
36. N.G.Van Kampen, Stochastic Processes in Physics and Chemistry, North-Holland, Ams-
terdam, 1981.
37. A.M.Wazwaz and A.Gorguis, Exact solutions for heat-like and wave-like equations with
variable coefficients, Aplied Mathematics and Computation 149(2004), 15-29.
38. E.Zauderer, Partial Differential Equations of Applied Mathematics (2-nd Edition), Wiley,
New York, 1989.
39. Shuqin Zhang, Existence of positive solution for some class of nonlinear fractional differ-
ential equations, J.Math.Anal.Appl. 278(2003),136-148.
* Fawang Liu received his MSc from Fuzhou University in 1982 and PhD from Trinity
College, Dublin, in 1991. Since graduation, he has been working in computational and
applied mathematics at Fuzhou University, Trinity College Dublin and University College
Dublin, University of Queensland, Queensland University of Technology and Xiamen Uni-
versity. Now he is a Professor at Queensland University of Technology. His research interest
is numerical analysis and techniques for solving a wide variety of problems in applicable
mathematics, including fractional differential equations, anomalous transport by fractional
dynamics, semiconductor device equations, microwave heating problems, gas-solid reac-
tions, singular perturbation problem and saltwater intrusion into aquifer systems.
Numerical simulation of the Riesz fractional diffusion equation with a nonlinear source term 11
(1) School of Mathematical Sciences, Queensland University of Technology, GPO Box 2434,
Brisbane, Qld. 4001, Australia. (2) Department of Mathematical Sciences, Xiamen Univer-
sity, Xiamen 361005, China
e-mail: f.liu@@qut.edu.au or fwliu@@xmu.edu.cn
Hongmei Zhang received her MSc from Fuzhou University in 2001 and PhD from Xiamen
University in 2007. Now she is a Lecturer at Fuzhou University. Her research interest is
numerical analysis and techniques for solving fractional differential equations
School of Mathematical and Computer Sciences, Fuzhou University, Fuzhou, 350002,
P.R.China.
e-mail: zhm-fzu@163.com
12 H. Zhang and F. Liu
LIST OF FIGURES
Figure 1. Comparison of the response of the diffusion system with nonlinear
source term at different times t when α = 1.8, τ = 0.01, h = pi100 , λ = 0.1
Figure 2. Comparison of the characters of the diffusion system with nonlinear
source term for different diffusion coefficients λ when α = 1.8, τ = 0.01, h =
pi
100 , t = 1.0.
Figure 3. Numerical solutions of the RFDE-NST in example 2 with 1.5 ≤
α ≤ 2.0 at t=32 with µ = 0.25 showing heavier tails and faster spreading in the
fractional case 1.5 < α < 2.
Figure 4. Comparison of the characters of the RFDE-NST in Example 2 at
different time t with α = 1.8, µ = 0.25.
Figure 5. Comparison of the characters of the RFDE-NST in Example 2 at
different intrinsic growth rate µ with α = 1.8, t = 32.
Numerical simulation of the Riesz fractional diffusion equation with a nonlinear source term 13
0 0.5 1 1.5 2 2.5 3 3.5
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
Distance x
u
(x,
t)
t=1.0
t=0.5
t=0.3
Figure 1. Comparison of the response of the diffusion sys-
tem with nonlinear source term at different times t when α =
1.8, τ = 0.01, h = pi100 , λ = 0.1
14 H. Zhang and F. Liu
0 0.5 1 1.5 2 2.5 3 3.5
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
Distance x
u
(x,
t=1
.0)
λ=0.1
λ=0.5
λ=1.0
Figure 2. Comparison of the characters of the diffusion system
with nonlinear source term for different diffusion coefficients λ
when α = 1.8, τ = 0.01, h = pi100 , t = 1.0
Numerical simulation of the Riesz fractional diffusion equation with a nonlinear source term 15
0
20
40
60
80
100
1.5
1.6
1.7
1.8
1.9
2
0
0.2
0.4
0.6
0.8
1
Distance xα
u
(x,
t=3
2.0
)
Figure 3. Numerical solutions of the RFDE-NST in example
2 with 1.5 ≤ α ≤ 2.0 at t=32 with µ = 0.25 showing heavier
tails and faster spreading in the fractional case 1.5 < α < 2
16 H. Zhang and F. Liu
0 20 40 60 80 100
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Distance x
u
(x,
t)
T=32
T=8
T=2
u
(x,
t)
t
t
t
Figure 4. Comparison of the characters of the RFDE-NST in
Example 2 at different time t with α = 1.8, µ = 0.25
Numerical simulation of the Riesz fractional diffusion equation with a nonlinear source term 17
0 20 40 60 80 100
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Distance x
u
(x,
t=3
2.0
)
µ=0.1
µ=0.2
µ=0.3
Figure 5. Comparison of the characters of the RFDE-NST in
Example 2 at different intrinsic growth rate µ with α = 1.8, t =
32
